ISRAEL JOURNAL OF MATHEMATICS 156 (2006), 341-358

MIXING RANK-ONE ACTIONS
FOR INFINITE SUMS OF FINITE GROUPS

BY
ALEXANDRE I. DANILENKO*

Institute for Low Temperature Physics € Engineering
of Ukrainian National Academy of Sciences
47 Lenin Ave., Kharkov, 61164, Ukraine
e-mail: danilenko@ilt.kharkov.ua

ABSTRACT

Let G be a countable direct sum of finite groups. We construct an
uncountable family of pairwise disjoint mixing (of any order) rank-one
strictly ergodic free actions of G on a Cantor set. All of them possess the
property of minimal self-joinings {(of any order). Moreover, an example
of rigid weakly mixing rank-one strictly ergodic free G-action is given.

0. Introduction and definitions
This paper was inspired by the following question of D. Rudolph:

QUESTION: Which countable discrete amenable groups G have mixing (funny)
rank-one free actions?

Recall that a measure preserving action T = (Tg)gec of G on a standard
probability space (X, B, 1) is called
— mixing if limg_, oo (A N Ty B) = p(A)u(B) for all A, B € B,
— mixing of order ! if for any € > 0 and Ag,...,A; € B, there exists a
finite subset K C G such that

(T Ao 1+ N Ty, Ar) = pi(Ao) -+ p(Ar)| < e

for each collection gg,...,g € G with gigj_1 ¢ Kifi#j,
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— weakly mixing if the diagonal action T'x T := (T x Ty)gec of G on the
product space (X x X, B ® B, u x u) is ergodic,

— totally ergodic if every co-finite subgroup in G acts ergodically,

— rigid if there exists a sequence g, — oo in G such that

lim pu(ANT, B)=uANB) forall A, BeB.

n—oe

We say that T has funny rank one if there exist a sequence of measurable
subsets (A4,)2; in X and a sequence of finite subsets (F,)52; in G such that
the subsets T, F,, g € F,, are pairwise disjoint for any n and

nlingo F}réilr}n u(BA |__| TgAn> =0 for every B € B.
geH
If, moreover, (F,,)22; is a subsequence of some ‘natural’ Fglner sequence in G,
we say that T has rank one. For instance, if G = Z¢, this ‘natural sequence’
is just the sequence of cubes; if G = Y o, G; with every G; a finite group, the
sequence y . ; Gj is ‘natural’, etc.
Up to now various examples of mixing rank-one actions were constructed for
— G =Z in [Or], [Ru], [Ad], [Cr§], etc.,
— G =72 in [AdS],
— G =R in [Pr], [Fa),
— G =R% x Z% in [Da8].
‘We also mention two more constructions of rank-one actions for
— G=Z®@,.,Z/2Z in [Ju], where it was claimed that the Z-subaction
is mixing but it was only shown that it is weakly mixing, and
— @ is a countable Abelian group with a subgroup Z¢ such that the quotient
G/7Z% is locally finite in [Ma], where it was proved that a Z-subaction is
mixing and it was asked whether the whole action is mixing.
Notice that in all of these examples G is Abelian and has elements of infinite
order. In contrast to that we provide a different class of groups for which the
answer to the question of D. Rudolph is affirmative.

THEOREM 0.1: Let G = @2, G;, where G; is a non-trivial finite group for
every i.

(i) There exist uncountably many pairwise disjoint (and hence pairwise non-
isomorphic) mixing rank-one strictly ergodic actions of G on a Cantor set.
Moreover, these actions are mixing of any order.

(ii) There exists a weakly mixing rigid (and hence non-mixing) rank-one
strictly ergodic action of G on a Cantor set.
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Concerning (i), it is noteworthy that any mixing rank-one Z-action is mix-
ing of any order by [Ka] and [Ry] (see also an extension of that to actions of
some Abelian groups with elements of infinite order in [JuY]). We do not know
whether this fact holds for all mixing rank-one action of countable sums of finite
groups.

To prove the theorem, we combine the original Ornstein’s idea of ‘random
spacer’ (in the cutting-and-stacking construction process) [Or] and the more
recent (C, F)-construction developed in [Ju], [Dal], [Da2], [DaS1], [DaS2] to
produce funny rank-one actions with various dynamical properties. However,
unlike all of the known examples of (C, F)-actions, the actions in this paper
are constructed without adding any spacer (cf. with [Ju], where all the spacers
relate to Z-subaction only). Instead of that on the n-th step we just cut the
n-‘column’ into ‘subcolumns’ and then rotate each ‘subcolumn’ in a ‘random
way’. In the limit we obtain a topological G-action on a compact Cantor space.

Our next concern is to describe all ergodic self-joinings of the G-actions
constructed in Theorem 0.1. Recall a couple of definitions.

Given two ergodic G-actions T and T’ on (X,B, ) and (X', B’, ') respec-
tively, we denote by J(T,T') the set of joinings of T and T”, i.e. the set of
(Ty x T,) geg-invariant measures on B ® B’ whose marginals on B and B’ are p
and p' respectively. The corresponding dynamical system (X x X', BRB', uxp')
is also called a joining of T and T". By J¢(T,T') C J(T,T') we denote the sub-
set of ergodic joinings of T and T” (it is never empty). In a similar way one can
define the joininings J(T7,...,T;) for any finite family T3,...,7; of G-actions.
If J(Th,...,T1) = {p1 X - x p;} then the family T3,...,T; is called disjoint.
If Ty = --- = T; we speak about [-fold self-joinings of T, and use notation
J(T) for J(T,...,T). For g € G, we denote by g* the conjugacy class of g. We

N e’

! times
also let

FC(G) := {g € G| ¢* is finite}.

Clearly, FC(G) is a normal subgroup of G. If G is Abelian or G is a sum of
finite groups then FC(G) = G. For any g € FC(G), we define a measure pge on
(X x X,B ® B) by setting

1

l,l,go (A X B) = #g.

Y WANT,B).
heg®

It is easy to verify that pige is a self-joining of T. Moreover, the map (z, T} 'z) —
(z,h) is an isomorphism of (X x X, uge, T x T) onto (X X g*, i x v, T'), where
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v is the equidistribution on ¢* and the G-action T = (ﬁ)teg is given by
Ti(z,h) = (Tyz,tht™)), ze X, heg"

It follows that T (and hence the self-joining pge of T) is ergodic if and only if
the action (T})iec(g) is ergodic, where C(g) = {t € G| tg = gt} stands for the
centralizer of g in G. Notice also that C(g) is a co-finite subgroup of G because
of g € FC(G). Hence {ug4¢| g € FC(G)} C J5(T') whenever T is totally ergodic.

Definition 0.2: If J§(T) C {pge| g € FC(G)} U {u x p} then we say that T has
2-fold minimal self-joinings (MSJ,).

This definition extends naturally to higher order self-joinings as follows. Given
1> 1and g € G, we denote by g* the orbit of g under the G-action on G*+1
by conjugations:

h-(gos---»q) = (hgoh™", ..., hgth™").

Let P be a partition of {0,...,l}. For an atom p € P, we denote by i, the
minimal element in p. We say that an element g = (go, ..., ;) € FC(G)"*! is
P-subordinated if g;, = 1¢ for all p € P. For any such g, we define a measure
figer on (X'+1 B8+ by setting

R TaLD!

(ho,...,hi)Eg* PEP i€p

It is easy to verify that pge: is an (I + 1)-fold self-joining of T. Reasoning as
above one can check that p . is ergodic whenever T is weakly mixing.

Definition 0.3: We say that T has (I4+1)-fold minimal self-joinings (MSJ;41)
if

J51(T) € {pget| g is P-subordinated for a partition P of {0,...,1}}.

If T has MSJ; for any | > 1, we say that T' has MSJ.

In case G is Abelian, these definitions agree with the—common now—definiti-
ons of MSJ;;; and MSJ by A. del Junco and D. Rudolph {JuR]| who considered
self-joinings p4er only when g belongs to the center of G'*!. However, we find
their definition somewhat restrictive for non-commutative groups since, for in-
stance, countable sums of non-commutative finite groups can never have actions
with MSJs; in their sense.

Now we record the second main result of this paper.
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THEOREM 0.4: The actions constructed in Theorem 0.1(i) all have MSJ.

We notice that a part of the analysis from [Ru| can be carried over to the
case of G-actions with MSJ. In this paper we only show that such actions have
trivial product centralizer. Moreover, as follows from [Da3}, every G-action with
MSJ; is effectively prime, i.e. has no factors except for the obvious ones: the
sub-o-algebras of subsets fixed by finite normal subgroups in G. In particular,
there exist no free factors.

We now briefly summarize the organization of the paper. In Section 1 we
outline the (C, F')-construction of rank-one actions as it appeared in [Dal]. In
Section 2, for any countable sum G of finite groups, we construct a (C, F')-action
T of G which is mixing of any order. A rigid weakly mixing action of G also
appears there. In Section 3 we demonstrate that T' has MSJ. In Section 4 we
show how to perturb the construction of T' to obtain an uncountable family of
pairwise disjoint mixing rank-one G-actions with MSJ. In the final Section 5 we
discuss some implications of MSJ: trivial centrahzer trivial product centralizer
and effective primality.

ACKNOWLEDGEMENT: The author thanks the referee for the useful suggestions
that improved the paper. In particular, in the present proof of Theorem 0.4 we
deduce MSJ; from the I-fold mixing (as J. King does for Z-actions in [Ki]). Our
original proof (independent of multiple mixing) was longer and noticeably more
complicated.

1. (C, F)-construction

In this section we recall the (C, F)-construction of rank-one actions.

From now on G = Zf_’;l G;, where G; is a non-trivial finite group for each
i > 1. To construct a probability preserving (C, F')-action of G (see [Ju], [Dal],
[DaS2]) we need to define two sequences (Fy,)n>o and (Cp)n>1 of finite subsets
in G such that the following are satisfied:

(1.1) (Fa)n>o0 is a Folner sequence in G, Fy = {1¢},
(1.2) FoCrny1 C Fuq1, Chgr > 1,
(1.3) FoeNF,d =0 forallc#c € Cpyi,
’ #Fn
1.4 lim ——————
49 A2 FCr A

Suppose that an increasing sequence of integers 0 < k; < kg < --- is given.
Then we define (Fy,)n>0 by setting Fy := {1¢} and F,, := Zf;l G, forn > 1.
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Clearly, (1.1) is satisfied. Suppose now that we are also given a sequence of maps
sp: Hy, — F,,, where Hy := Zf;l G; and H,, := EEZ:H G; for n > 1. Then we
define two sequences of maps Cp41,dpn: Hpn — Frny1 by setting ¢, (h) := (0,h)
and cp41(h) := (sn(h), h). Finally, we let Cpy1 = cpy1(Hyp) for alln > 0. It is
easy to verify that (1.2)-(1.4) are all fulfilled. Moreover, a stronger version of
(1.2) holds:

(1.5) FuCri1 = Fopr.

We now put X, := F,, X Cpy1 X Cpyo X --- and define a map i,: X, — Xn41
by setting
in(fry dnaty dni, - . 2) 7= (frdn1, duse, - - o)

Clearly, X,, is a compact Cantor space. It follows from (1.5) and (1.3) that
i, is well defined and it is a homeomorphism of X,, onto X, ;. Denote by X
the topological inductive limit of the sequence (X,,i,)5%;. As a topological
space X is canonically homeomorphic to any X, and in the sequel we will often
identify X with X,, suppressing the canonical identification maps. We need the
structure of inductive limit to define the (C, F)-action T on X as follows. Given
g € G, consider any n > 0 such that g € F,,. Every z € X can be written as an
infinite sequence z = (f,,dn+1,dn+2,...) with f, € F,, and d,, € Crp form > n
(i.e. we identify X with X,,). Now we put

Tgw = (gfnad'n+1,dn+27 e ) € Xn-

It is easy to verify that T, is a well defined homeomorphism of X. Moreover,

TyTy =Ty, 1. T := (Ty)gec is a topological action of G on X.

Definition 1.1: We call T the (C,F)-action of G associated with the
sequence (kn,Sn—1)5 ;.

We list without proof several properties of 7. They can be verified easily by
the reader (see also [Dal]).
— T is a minimal uniquely ergodic (i.e. strictly ergodic) free action of G.
— Two points = (fn,dn+1,dny2,...) and = (f},dp1,d000,...) € Xn
are T-orbit equivalent if and only if d; = d eventually (i.e. for all large
enough ). Moreover, ' = Tyz if and only if

o ' g ! -1 -1 =1
= zlirgo fndn+1 Tt n+idn+i e dn+1fn .

— The only T-invariant probability measure ¢ on X is the product of the
equidistributions on F, and C,y;, i € N (if X is identified with X,).
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For each A C F,,, we let [A], = {z = (fn,dnt1,...) € Xpu| fn € A} and call
it an n-cylinder. The following holds:

[AlnN[Bln=[ANB],, and [A],U[B],=[AU B],,
A= | [Adls,

deCp i1

Tg[A]n = [gA]'n lfg € an
1

p([Ad]n1) = #Crir
p([Aln) = Ar, (4),

u([A]p) for any d € Cyya,

where Ag, is the normalized Haar measure on F,,. Moreover, for each measurable
subset B C X,
(1.6) lim Fig w(BA[A],) = 0.

n—oo0 ACF,

Hence T has rank one.

2. Mixing (C, F)-actions

Our purpose in this section is to construct a rank-one action of G which is mixing
of any order. This action will appear as a (C, F)-action associated with some
specially selected sequence (kn,Sp—1)n>1. We first state several preliminary
results.

Given finite sets A and B and a map = € AP, we denote by distz or
distpe g z(b) the measure (#B)~! Y ben Xav) on A. Here x, () stands for the
probability supported at the point z(b).

LEMMA 2.1: Let A be a finite set and let A be the equidistribution on A. Then
for any € > O there exist ¢ > 0 and m € N such that for any finite set B with
#B > m,

M({x € AB| || distz — \|| > €}) < e™#E.

For the proof we refer to [Or] or [Ru]. We will also use the following combi-
natorial lemma.

LEMMA 2.2: For any l € N, let Ny := 3/-1/2 and §; := 5-H=1)/2 Let H be
a finite group. Then for any family hi, ..., h; of mutually different elements of
H and any subset B C H with #B > 3/8,, there exists a partition of B into
subsets B;, 1 < ¢ < Ny, such that the subsets hy B;, hoB;, ..., hB; are mutually
disjoint and #B; > §;#B for any 1.
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Proof: We leave to the reader the simplest case when [ = 2. Hint: assume
that h; = 1y and consider the partition of H into the right cosets by the cyclic
group generated by hs.

Suppose that we have already proved the assertion of the lemma for some [
and we want to prove it for [ + 1. Take any hy # hy # - # hyy1 € H (in
such a way we denote mutually different elements of H). Given a subset B C H
with #B > 3/4;, we first partition B into subsets B;, 1 < ¢ < NN, such that the
subsets hyB;, h3Bi, ..., 1 B; are mutually disjoint and #B; > 6;#B > 3 - 5.
For every i, there exists a partition B; = [_[fFl B, ;, such that h1B; ;,NheB; ;, =
@ and #B;,4, > 0.24B;,1 <i; < 3. Next, we partition every B; ;, into 3 subsets
Bi i, i, such that hq B; 4, i, NhgB; i, 5, = O and #B; 5, 4, > 0.24B;;,,1 < i3 <3,

and so on. Finally, we obtain a partition
Ny 3
B=|]| || Bii..
i=lig,..,i=1
which is as desired. |

Given a finite set A, a finite group H and elements hy, ..., € H, we denote
by 7h,....n, the map A# — (A)H given by

(Thy,...m2) (k) = (@(Mk), ..., z(hik)).
For z € A, we define z* € AY by setting z*(h) := z(h™ ), h € H.

LEMMA 2.3: Givenl € N and € > 0, there exists m € N such that for any finite
group H with #H > m, one can find s € AH such that

(2.1) || dist 7hy ... 1S — )\l|| <e and |distmy,,  ns*— )\l|| <e€

forallhy # hg #---# h € H.

Proof: Take any finite group H and set

By=|J {zeAf|distmn,, nz—N]|>e}
hi##hi€H

To prove the left hand side inequality in (2.1) it suffices to show that A¥ (Bg) <
1 whenever #H is large enough. Moreover, since the map A¥ 3z — z* € AH
preserves the measure A\¥, the right hand side inequality in (2.1) will follow
from the left hand side one if we prove that A\f(Bg) < 0.5.
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Fix hy # -+ # hy € H and apply Lemma 2.2 to partition H into subsets Hj,
1 <i < Nj, such that
(2.2) #H;, > §#H and
(2.3) the subsets hy Hj, ..., hiH; are mutually disjoint
for every . Denote by r;: (A!)# — (A')#: the natural restriction map. Then we
deduce from (2.3) that r; o7, ... n, maps A7 onto (A')#:. Since dist 7y, 5,z =
Y oi(#H;/#H) - dist(r; o mp, .. p, )T, it follows that

M ({z e AH| | distmp, . pz— N > €})
<Y M ({z € A" || dist(r; o mh,,.. p)z = M| > €})
B

= Z(/\I)H"({y € (A || disty — X|| > €}).

By Lemma 2.2 and (2.2), there exists ¢ > 0 such that if #H is large enough
then the i-th term in the latter sum is less than e~ *#H: < ¢=<0#H Hence

M (By) < N (#ZH> e~ co#H

and the assertion of the lemma follows. [ |

Now we are ready to define the sequence (ky,Sn—1)n>1. Fix a sequence of
positive reals e, — 0. On the first step one can take arbitrary k; and sg.
Suppose now—on the n-th step—we already have k,, and s,,_; and we want to
define k, 1 and s,. For this, we apply Lemma 2.3 with A := F,,, [ := n and
€ := €, to find k,41 large so that there exists s, € Af satisfying

(2.4) || dist7h, .. h.Sn— (AR,)"|| <€, forall hy #---# h, € H,,.

Recall that H,, := Zf;jgi +1Giand F, = Zf;l G; for n > 1. Without loss of
generality we may also assume that k41 — k, > n and hence Y~ (#H,)™!
< 0.

Denote by T the (C, F)-action of G on (X, B, u) associated with (ky,8p—1)% ;.

THEOREM 2.4: T is mixing of any order.

Proof: (I) We first show that T is mixing (of order 1).
Recall that a sequence g, — oo in G is called mixing for T if

lim (T, BN B;) = w(B1)(By) for all By, B, € B.
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Clearly, T is mixing if and only if any sequence going to infinity in G contains
a mixing subsequence. Since every subsequence of a mixing sequence is mixing
itself, to prove (I) it suffices to show that every sequence (g,)5%; in G with
gn € Fry1\ Fy, for all n is mixing. Notice first that there exist (unique) f, € F,
and h, € H, \ {1} with g, = foén(h,). Fix any two subsets A,B C F,. We
notice that for each h € H,,

GnAcni1(R) = foAsp(h)dn(hnh) = foAsn(h)sn(hnh) eny1(hnh)

and f,As,(h)sp(h,h)~! C F,. Hence

1Ty, [Aln N [Bln) = Z 1Ty, [Acnt1(R)]n+1 0 [Bln)
heH,

= Y wllfadsa(h)sn(hah) " enr(Bah)nsr N [Bla)
heH,

= Z l‘([(anSn(h)sn(hnh)_l N B)Cn+l(hnh)]n+1)
heH,

1
( anSn(h)Sn(hnh)_l N Bl.)
7, 2 M

#1111 Y Ar.(faAsn(h) N Bsa(hah)).

" heH,

(2.5)

We define a map r4 5: F,, X F;, — R by setting

r4.8(9,9") := Ar, (fnAg N By').

Then it follows from (2.5) and (2.4) that

p(Tg, [Aln N ([Bln) = / r4,pd(dist 71 4, 55)
FpoxF,

= / TA,BAAF, xF, T €n
F,xF,

- /F _ Ar(fudg 0 Bg )i, (9)dAr, 6 €
= /\F:(A’)l)\pn(B) te,
= p([Aln)u([Bla) £ €n.

Hence we have

(2:6) A3, [1(Tg, [Aln N [Bln) — u({Aln)u([Bln)| < €n-
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This and (1.6) imply that the sequence (gn)5, is mixing.

(II) Now we fix [ > 1 and prove that T is mixing of order . To this end it
is sufficient to show the following: given [+ 1 sequences (gon )21, - -, (g1,n)neq
in G such that g; , € Fr,4; and gi,ngj‘,; ¢ F,, whenever i # j,

for all n > [. Notice that for every n € N and 0 < j < [, there exist unique
fin € F, and hjn, € Hy, with g;, = fjndn(hjn). Moreover, hopn # hop - #
h1,n. Then slightly modifying the argument in (I), we compute

#(Tgo o [AolnN -+ N Ty, [Al]n)
27 = [ e Uondogn N0 finAig)dOAm, 4 o 90)
Fn

=AF, (AO) Tt AFn (Aé) te, = ,“'([Ao]n) T ﬂ([Al]n) * €n. |

To construct a weakly mixing rigid action of G we define another sequence
(kn,Sn—1)n>1. When n is odd, we choose k,, and §,_1 to satisfy the following
weaker version of (2.4):

(2.8) | hax, | dist 71,p8n — AR, X Mg, || < €n.

When n is even, we just set kn = kn_1+1and 5, = 1. Denote by T the
(C, F)-action of G on (X,B, i) associated with (kn,3,-1)52;.

THEOREM 2.5: T is weakly mixing and rigid.

Proof: Take any sequence h, € Hs, \ {1}. It follows from part (I) of the
proof of Theorem 2.4 and (2.8) that the sequence (¢2,(h,))32, is mixing for T
Clearly, it is also mixing for T xT. Hence T x T is ergodic, i.e. T is weakly
mixing,.

Now take any sequence h, € Ha,41 \ {1}. Notice that (2.5) holds for any
choice of (kp, Sn—1)n>1. Hence we deduce from (2.5) and the definition of S5p,41
that

/’L(T¢2n+l(hn)[A]2n+1 n [B]2n+1) = )‘F2n+1 (A n B) = H([A N B]2TL+1)
for all subsets A, B C Fy,,41. This plus (1.6) yield
lim p(Tg,,,1(hm) AN B) = w(AN B)

for all AV, B € B. This means that T is rigid. ]
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3. Self-joinings of T
This section is devoted entirely to the proof of the following theorem.

THEOREM 3.1: The action T constructed in the previous section has MS.J.

Proof: (1) We first show that T has MSJ,. Since T is weakly mixing, we need
to establish that

J3(T) = {pgel g € GYU{p x pu}.
Take any v € J§(T). Let §, denote the sub-g-algebra of (T x Ty) ¢¢ F, -invariant
subsets. Then §; D F2 D -+ and (), §» = {0, X x X} (mod v). Since there
are only countably many cylinders, we deduce from the martingale convergence
theorem that for v-a.a. (z,z’),

1
(3.1) E(xpxp/|§n-1)(z,2") = 57— Z X5xB (Tyz, Tyz') — v(B x B)
#Fn—l
g€Fn 1
as n — oo for any pair of cylinders B, B’ C X. Fix such a point (z,z’). It is
called generic for (T'x T, v). Given any n > 0, we can write z and 2’ as infinite
sequences

€ = (faydnt1,dnta,...) and ' = (fr,dy 1,dn 0,0

with fn, f, € F, and d;,d; € C; for all ¢ > n. Recall that f, := fodi---dn
and f, = fid|---d,,. Weset t, := f.f!, n > 0. Fix a pair of cylinders, say
m-cylinders, B and B'. If n > m and g € F,, then Tyx' = (gf},,d},11,dp 40y ..).
Hence Tz’ € B’ if and only if TyT;,z € B'. Therefore

xx5 (162 Tg2') = Xrpt gz iry e (3)
Since z is generic for (T, u), it follows that

lim 1

_ —1 —1lp—1pyf
i 2 3 oy Th) = (T B OB,

a€Fy

Therefore (3.1) yields

(3.2) lim

n—oe

> wT'BNT T, B) = v(B x B').

n-1 g€EFp_1

Consider now two cases. If ¢, ¢ F,,_; for infinitely many n, then passing to the
limit in (3.2) along this subsequence and making use of (2.6) we obtain that
w(B)u(B') = v(B x B'). Hence p x p = v. If, otherwise, there exists N > 0
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such that t, € F,_1, i.e. d, =d}, for all n > N, then z and x’ are T-orbit
equivalent, ¢, = ty and
1
#Fn—l

- 1 1 1
Y wWTy'BNTT B = rym Y wBNT,T T, B)
gEFn_1 N gEFN
= iu(t;,l)‘(B X BI)

Passing to the limit in (3.1) we obtain that v = fhig=tye-

(IT) Now we fix | > 1 and show that T has MSJ,y;. Take any joining v €
J1(T) and fix a generic point (xg, . ..,z;) for (T'x---xT,v). Define a partition
P of {0,...,1} by setting: i; and iy are in the same atom of P if z;, and z;,
are T-orbit equivalent. As in (I), for any n, we can write

T; = (fj,n—ladj,n,dj,n+1, .. ) S Xn—l, ] = 0, .. .,l.

Suppose first that #P = [ +1, i.e. P is the finest possible. Then by the proof
of (I), each 2-dimensional marginal of v is p x . Since Y oo, (#C;) ™! < 0o and
U= AR, X Ag, X Ag, X ---, it follows from the Borel-Cantelli lemma that for
v-a.a. (yo,...,u) € X+,

AN > 0 such that yo; # y1,i # -~ # y1,; whenever i > N,

where y;; € C; is the i-th coordinate of y; € Fy x C; x Cy x ---. Hence
without loss of generality we may assume that this condition is satisfied for
(zo,...,x). Thus, if we set t;, 1= fj,nfo,n_l = fj,n_ldj,ndo,n_lfgm_l_l then
tints, 1 ¢ F,_, whenever i # j. Slightly modifying our reasoning in (I) and
making use of (2.7) instead of (2.6) we now obtain

I/(BO X e X Bl) = nlLH;o Z XBox---xBL(TgCUO’-- .,Tga:l)

gEFn—l

= nh_)ngo Z XBgx--xBy (Tg.’EO,Tthlm.'L‘(), Ce ’Tthl,nxO)
gEFn—l

T -1 ~1

= lim_ > wTyBon T T,BiN...N T T,B)
QEFn—l

= pu(Bo) - - - (By)

for any (I + 1)-tuple of cylinders By, ...,B;. Hence v=p x - -+ X p.
Consider now the general case and put ¢, := fjn ;ln for each j € p,p€ P.
Recall that i, = min;jep, j. Then

XBox--xB (TgTo, .-, Tgxy) = H XA, (Zi,),
peP
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where A, ﬂjep i, 2T, Bj. Notice that the point (z;,)pep € X U7 P€F} i
generic for (T x -+« X T(#P times), x}, where & stands for the projection of v
onto X 1»[P€P} By the first part of (IT), k = p X -+ x p (#P times). Hence

v(Bg x -+ x By) = lim

Z XByx:--x B (Tg-’Eo, e ,ngl)

n—oo _
n—1 QEFn 1
= lim H
o #Fn ) > u(4
gan 1 pEP

As in (I), a ‘stabilization’ property holds: there exists M > 0 such that ¢; , =
tjm for all n > M. We now set g := (t&}w,...,tl_j/[). Clearly, g is P-
subordinated. Hence

I/(Box XBl #F Z H'u‘(ﬂTTtJM ng)ngot(Box-..xBl).l

g€Fn peEP JEP

4. Uncountably many mixing actions with MSJ

In this section the proof of Theorems 0.1(i) and 0.4 will be completed. We first
apply Lemma 2.3 to construct kn41 and sy, 3, € F» in such a way that (2.4)
is satisfied for both s,, and 3,, and, in addition,

(4.1) | dist (sn(h), 3u(AE) = Ap, X A, | < e

for all k, k' € H,. Next, given o € {0,1}N and n € N, we define sJ: H,, — F,
by setting

o _ {sn if o(n) =0,

" 8n ifo(n)=1.

Now we denote by T the (C, F)-action of G associated with (k,,s5_;)2> ;. Let
¥ be an uncountable subset of {0,1}N such that for any 0,0’ € I, the subset
{n € N| o(n) # o’(n)} is infinite.

THEOREM 4.1:
(i) For any o € {0,1}, the action T is mixing and has MSJ.
(i) If 0,0’ € S and o # o’ then T° and T° are disjoint.

Proof: (i) follows from the proof of Theorem 3.1, since (2.4) is satisfied for s,
for all 0 € {0,1}N and n € N.

(ii) Let v € J¢(T°,T°'). Take a generic point (z,z’) for (T¢ x T V).
Consider any n such that g(n) # ¢’(n). Then we can write ¢ and 2’ as infinite
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sequences Z = (fn,dnt1,dnt2,...) and &’ = (fy,d; 1, dro,...) With fn, f] &
F, and d,,d}, € Cy, for all m > n. Take any g € F,41. Then we have tue
following expansions:

9= abn(h), dni1=s5(hn)dn(ka) and diyy =57 (hr)gn(h})
for some uniquely determined a € F,, and h, hy, h], € H,. Since
9fndnir = afns] (hn)sy (hhn) " cnyi(hhy)  and
gﬂbd;wl = afrllsz (h;z)sn (hhy)™ Cn+1(hhn),
the following holds for any pair of subsets A, A’ C F,:
#{g € Farr| (Tyz, T 2') € [Aln x [A']n}

#Fn+1
_ ¥ #{h € Hy| afnsy(hn)sg(hhn) ! € A afpsq (hy)ss, (hhy)™' € A')
#Fn £ #H,
Y (A afus (hn) x A afrst (R)),
#F a€F,

where £, := distpep, (sS(hhy), s2 (hh.)). This and (4.1) yield
#{9 € Fria1| (TS2, TS ') € (Al x [A]n}
(42) #Fn+1

= )\Fn (A))\Fn (AI) + €n

= u([Aln)u([A]n) £ €n.
Since (z,2') is generic for (T° x T° ,v) and (4.2) holds for infinitely many n,
we deduce that v = p x p. ]
By refining the above argument the reader can strengthen Theorem 0.1(i) as

follows: there exists an uncountable family of mixing (of any order) rank-one
G-actions with MSJ such that any finite subfamily of it is disjoint.

5. On G-actions with MSJ

It follows immediately from Definition 0.2 that if T has MSJ; then the centralizer
C(T) of T is ‘trivial’, i.e. C(T) = {Ty| g € C(G)}, where C(G) denotes the
center of G. Moreover, we will show that T has trivial product centralizer (as
D. Rudolph did in [Ru] for Z-actions).

Let (X!, B8 4! T®) denote the I-fold Cartesian product of (X,%,u,T).
Given a permutation o of {1,...,1} and ¢1,...,9, € C(T), we define a trans-
formation U, g, ., of (X!, B8 u', T®) by setting

Ua,_th ,,,,, o (:171, PN ,J}l) = (Tg1 :1,‘0.(1), N ’ng -'L'a(l))-
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Of course, Uy ;.9 € C(T®). We show that for the actions with MSJ, the
converse also holds.

PROPOSITION 5.1: If T' has MSJ then, for any | € N, each element of C(T")
equals to Uy 4, o for some permutation o and elements g, ..., g € C(G).

Proof: Let S € C(T™®). We define an ergodic 2-fold self-joining v of T® by
setting v(A x B) := p!(AN S~'B) for all A, B € B®!. Notice that v € J(T).
Since T has MSJy;, there exists a partition P of {1,...,2!} and a P-subordinated
element g = (g1, ...,92) € FC(G)¥ such that

(51) I/(Al X e X Azg) = # Z H [l,( ﬂTh1A1>

(h1,...,har)Eg*2t pEP i€p
for all subsets Ay,..., A € B. Substituting at first 4; = --- = 4, = X and
then Ajyy = --- = Ay = X in {5.1), we derive that #P =, #p = 2 for all

p € P and #¢*% = 1. Hence g1,...,g2 € C(G) and there exists a bijection o of
{1,...,1} such that P = {{i,0(3) + {}| i = 1,...,l}. Therefore it follows from
(5.1) that

ST A1 x - X Ag) = Ty Atgon) X - X T Aoy B

As a simple corollary we derive that if T has MSJ then the G-actions
T,7®,...and T x T x - -- are pairwise non-isomorphic.

After this paper was submitted the author introduced a companion to MSJ
concept of near simplicity for actions of locally compact second countable groups
[Da3]. As appeared, this concept is more general than the simplicity in the
sense of A. del Junco and D. Rudolph [JuR] even for Z-actions. For instance,
there exist near simple transformations which are disjoint from all del Junco-
Rudolph’s simple ones. It is shown in [Da3] that an analogue of Veech’s theorem
on the structure of factors holds for this extended class of simple actions. In
particular, if T has MSJ,, then for every non-trivial factor § of T' there exists a
compact normal subgroup K of G such that

F=FixK = {A € B| u(TLkALA) =0for all k € K}.

Thus if T has MSJ; then T is effectively prime, i.e. T has no effective factors.
(Recall that a G-action @ is called effective if Qg # Id for each g # 1¢.)
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